In this work, we prove that the growth of the Artin conductor is at most, exponential in the degree of the character.
Introduction
Let K be an algebraic number field such that K/Q is Galois and let χ be the character of a linear representation of Gal(K/Q). We denote by f χ the Artin conductor of χ. In [7] , Odlyzko found lower bounds for f χ by applying analytic methods to the Artin L-function. We have improved Odlyzko's lower bounds in [5] by using explicit formulas for Artin L-functions. In particular, if χ is an irreducible character of Gal(K/Q) and assuming that χχ satisfies the Artin conjecture we obtained where a χ and b χ are integers depending on χ.
It is important to assume the Artin Conjecture in order to control the poles of Artin L-functions. Furthermore, this bound is even better when we assume that L(s, χχ) satisfies the Generalized Riemann Hypothesis.
In this work, we study the growth of the root Artin conductor given by f 1/χ(1) χ . This fact has been studied for the discriminant of a number field. If n 0 = r 1 + 2r 2 , let d n be the minimal discriminant of the fields K with degree n multiple of n 0 and such that r 1 (K) and r 2 (K) are in the same ratio as r 1 , r 2 . Let α(r 1 , r 2 ) = lim inf n→∞ d 1/n n . Martinet considered number fields with infinite 2-class field towers and proved that [6] α(0, 1) < 93 and α(1, 0) < 1059.
We follow this idea and consider a number field K with infinite p-class field tower for some prime p. Under some technical conditions over K, we find an upper bound (just depending on K) for the root Artin conductor of the irreducible characters of Gal(K n /Q), where K n is the Hilbert p-class field of K n−1 with K 0 = K.
More precisely, we propose in §2 a technique which is useful to classify the irreducible characters of Gal(K n /Q) in terms of a certain normal subgroup. This characterization is convenient to obtain upper bounds for root Artin conductors.
We prove in §3 that for each n ≥ 1 there exist irreducible characters χ of Gal(K n /Q) whose degree χ(1) increase with n and such that
where C > 0 is an effective computable constant depending only of the number field K.
In §4 we apply the results obtained in §2 and §3 to the number field K = Q(ζ 11 + ζ
. This field was found by Martinet in [6] and has infinite 2-class field tower and lowest known discriminant. In particular, we prove that for each n ≥ 1 it is possible to find an irreducible character of Gal(K n /Q) with large degree and
Irreducible characters with large degree
In this section, we develop a technique to classify the irreducible characters of groups with a normal subgroup of prime index. Also, we find conditions that ensure the existence of irreducible characters of large degree. We believe these results are of independent interest.
Clifford Theory
Let us consider a finite group G with a normal subgroup H such that [G : H] = q, where q is a prime number. We denote the set of the irreducible characters of G by Irr(G). If χ and θ are characters of G and H respectively, we denote the restriction of χ to H by Res G H χ and the induced character of θ to G by Ind G H θ. If θ ∈ Irr(H), we define the conjugate character to θ in G by θ g : H → C, where θ g (h) = θ(ghg −1 ). The inertia group of θ ∈ G is given by
G acts on Irr(H) by conjugation and I G (θ) is the stabilizer of θ under this action.
. . , θ g j are the distinct conjugates of θ in G. Assume also that
Also, e 2 ≤ |I G (θ)/H| and e 2 t ≤ |G/H|.
For details of the proof see [3] ,pp. 253. We say that an irreducible character θ of H is extendible to G if there is an irreducible character χ of G such that Res G H χ = θ. The following result of Gallagher [1] , pp. 225 gives us a criterion to decide when a character is extendible.
Irreducible characters of G Lemma 1.
Suposse that G has a normal subgroup H such that [G : H] = q, where q is a prime number. If θ ∈ Irr(H), then the inertia group of θ is either, (ii) χ = Ind G H θ, for some θ ∈ Irr(H).
Proof. Let χ ∈ Irr(G) and take θ ∈ Irr(H) an irreducible constituent of Res G H χ. Then 
Since Ind G H θ and χ are irreducible and θ is a consituent of Res G H χ, it follows that e = 1 and so Ind G H θ = χ.
Irreducible characters with large degree
In order to ensure the existence of irreducible characters of large degree, we prove the following lemma given as an exercise in [4] , pp. 98.
Lemma 2. Let G be a group with a chain of normal subgroups
is non abelian for i = 1, . . . , n. Then, there exists an irreducible character φ of G, such that φ(1) ≥ 2 n .
Proof. By induction over n. For n = 1, note that as H 1 ∼ = H 1 /H 0 is non abelian there exists a character ψ 1 ∈ Irr(H 1 ) with ψ 1 (1) ≥ 2. For n = 2, let ψ 2 ∈ Irr(H 2 ) such that ψ 1 is an irreducible constituent of Res 
(b) For all β ∈ Irr(H 2 /H 1 ) the character ψ 2 β belongs to Irr(H 2 ) (see Theorem 19.5 in [3] ). As H 2 /H 1 is non abelian, we choose
If t ≥ 2, we just take φ = ψ 2 so, φ(1) = etψ 1 (1) ≥ 2ψ 1 (1) ≥ 2 2 . Now, suppose that it is true for every m < n. Then there is ψ m ∈ Irr(H m ) such that ψ m (1) ≥ 2 m . Let us choose ψ m+1 ∈ Irr(H m+1 ) such that ψ m is an irreducible constituent of Res 
If t ≥ 2, we take φ = ψ m+1 and φ(1) ≥ etψ m (1) ≥ 2 m+1 .
Lemma 3. Let H be a normal subgroup of G. If H has an irreducible character θ with θ(1) ≥ r, then there exists χ ∈ Irr(G) with χ(1) ≥ r.
Proof. Let θ ∈ Irr(H) with θ(1) ≥ r and choose χ ∈ Irr(G) such that θ is an irreducible constituent of Res G H χ. By Theorem 2.1, χ(1) = etθ (1), where e = Res G H χ, θ and t = [G : I g (θ)]. As e, t ≥ 1, then χ(1) ≥ θ(1) ≥ r.
Estimation for the root Artin conductor of irreducible characters of G n
In this section, we aim to prove that the growth of the Artin conductor is at most, exponential in the degree of the character. It is well known that if L is a Galois unramified extension of K and ρ is a linear representation of Gal(L/M ), then f ρ is a trivial ideal. Then, in order to find a family of irreducible representations with bounded root Artin conductor it is convenient to analyse number fields with infinite p-class field tower, for some prime p. Let us suposse K is a number field with infinite p-class field tower, K n the Hilbert p-class field of K n−1 with K 0 = K and G n =Gal(K n /Q). Under some conditions over K and applying the results of the previous section, we obtain that for each n > 1 it is possible to find an irreducible character of G n with bounded root Artin conductor and degree increasing with n. Theorem 3.1. Let K be a number field Galois over Q with infinite p-class field tower, for some prime p. Suppose that K has a subfield k satisfying the following conditions:
(a) k is Galois over Q.
Proof. The proof follows directly from the Theorem 2.3 with G = G n and H = H n . Proposition 1. Assume G n under conditions of Theorem 3.1. Then for each n ≥ 1, there exits χ ∈ Irr(G n ) such that
Proof. We fix n ≥ 1. By Lemma 3, it is enough to show that if G = Gal(K n /K), then there exists φ ∈ Irr(G) such that φ(1) ≥ 2 n−1 2 . In fact, let us consider the following chain of subgroups. If n is even, we take for 1 ≤ j ≤ n 2 :
. . .
If l < i − 1 then K i /K l is a non abelian group so, by Lemma 2 there exists φ ∈ Irr(G) with φ(1) ≥ 2 where G i is the i-th ramification group of the local extension L b /M p with b a prime over p and χ(G j ) = g∈G j χ(g). Now, we are able to obtain upper bounds for the root Artin conductor of irreducible characters of G n . Theorem 3.2. Assume G n under conditions of Theorem 3.1 and χ ∈ Irr(G n ).
(i) If Res
Gn Hn χ = θ, for some θ ∈ Irr( H n ) then 
